Suppose a one-dimensional isometry group acts on a space, we can consider a submergion induced by the isometry, namely we obtain an orbit space by identification of points on the orbit of the group action. We study the causal structure of the orbit space for Anti-de Sitter space (AdS) explicitely. In the case of AdS 3 , we found a variety of black hole structure, and in the case of AdS 5 , we found a static four-dimensional black hole, and a spacetime which has two-dimensional black hole as a submanifold.
Introduction
One considers that the space with rich geometrical symmetry is simple, while the less symmetric space is complicate. The maximally symmetric space is the most simple space in this sense.
In fact, our real universe has very complicate geometrical structure so that the universe, where black holes exist and gravitational waves propagate, has interesting physical properties. We discuss the possibility, in this paper, that even though the space is simple, namely, it admits a rich isometry group, the space can involve non-trivial geometrical structures from a viewpoint of decomposition of the space with respect to the isometry.
If an isometry group generated by a Killing vector acts on a space then one can decompose the space into the orbit of the group action and the transverse space to the orbit. Suppose that an m-dimensional Lie group G acts on an (m + n)-dimensional spaceM transitively.
We obtain an n-dimensional manifold M =M /G, called the orbit space, by identifying the points on a orbit of the action of G. This procedure, π :M → M/G, is called the 'submersion'
and it induces a fiber bundle structure, where the fiber is a orbit of the group action and the base space is the orbit space. The submersion π also defines the Riemannian submersion π : (M ,g) → (M, g). A tangent space T pM ofM is decomposed into the direct sum
where V p := ker π * | p is called the vertical subspace, and H p , called horizontal subspace, is the orthogonal complement to V p with respect tog. The metric g on M, called a projective metric, is obtained by restricting the metricg onM onto H p . If the original space has a variety of isometries, depending on the choice of the isometry, the orbit space can have complicated geometry even if the original space is simple. Now, we suppose that (M ,g) is governed by the Einstein gravity. The Einstein gravity of M is equivalent to the theory of gauge field with gauge group G and adjoint scalar field of G, which interact with gravity in n-dimensional spacetime. In the case of dim G = 1, as shown in the Appendix A, we obtain the Einstein-Maxwell-Dilaton theory that consists of an abelian gauge field A and an adjoint scalar field φ that interact with a gravitational field g. Let ξ be a Killing vector filed that generates an isometry group G. The set of fieldŝ
solves the Einstein-Maxwell-Dilaton theory. If we chose the parameter α by
we have a set of the Einstein-Maxwell-Dilaton field in the Einstein frame. Hereafter, we call this space (M,ĝ) the norm-weighted orbit space, or the base space, simply in the term of fiber bundle.
In this paper, we consider the submersion by the isometry for the Anti-de Sitter space (AdS), which gathers much attention recently in the context of AdS/CFT [1] or brane universe models [2] etc. Since AdS is maximally symmetric space, there exists a lot of Killing vectors which are not equivalent geometrically as classified in [4] [5] [6] [7] . We expect that the norm-weighted orbit space have a variety of geometric structures. In particular we study the causal structure of base spacetimes (M,ĝ) of AdS.
In our study, we develop a linear algebraic method to analyse the causal structure of the base space (M,ĝ) of AdS. Since AdS n can be embedded in the pseudo Euclidean space E (2,n−1) , we can regard the Killing vector field used for the submersion as a linear operator in E (2,n−1) .
We describe a property of null geodesics of the base space, which play an essential role for studying the causal structure, in term of the linear operator in E (2,n−1) . This method enable us to analyze the behavior of null geodesics easily.
In the AdS 3 case, we clarify all causal structure of two-dimensional base spacetime, where the fiber is one-dimension. We found several kinds of causal structure that describe black holes. In AdS 5 case, we found a black hole spacetime and a spacetime which is not a complete four-dimensional black hole but contains a two-dimensional black hole as a subspace.
Banados, Teitelboim and Zanelli [3] found that a quotient space of AdS by its some discrete isometry has the black hole structure, called BTZ black hole. Though the local geometry of BTZ spacetime is the same as AdS, the global structure is the black hole. After their work, many researchers have studied BTZ black holes in detail [4, 5, 8] . The spacetime considered in the present paper would be obtained by the continuous limit of the BTZ spacetime, the period of identification tends to 0, so it is expected that causal structure of submerged spacetime is closely related to the BTZ spacetimes. Indeed some of the conformal diagrams in the both the BTZ spacetime and our spacetime are the same. However, the dimension of obtained spacetime and local geometry are different each other.
The organization of the paper is as follows. An embedding of AdS is given in section 2, and the classification of the Killing vectors is reviewed in section 3. The method of analysis to clarify the causal structure used in the present paper is shown in section 4. In section 5 and section 6, the concrete analysis for the AdS 3 and AdS 5 cases are done, respectively. Section 7 is devoted to conclusion and discussion.
2 Anti-de Sitter embedded in a flat space 
In E (2,n−1) , n dimensional anti-de Sitter space, AdS n , is given as the submanifold:
In this paper, we use the global coordinate system of AdS,
Then, the induced metric on eq. (5) is given by
where dΩ 2 n−2 is the standard metric on (n − 2)-dimensional sphere.
We consider the conformal diagram to clarify the causal structure of AdS. In (9) using the coordinate transformation
we obtain
Then (the universal cover of) AdS n is conformal isomorphic to the static Einstein universe 
Classification of Killing vectors of AdS
AdS n admits the isometry group SO(2, n − 1). Then, there exist 1 2 n(n + 1) Killing vector fields which are linearly independent each other. However, some of them are "equivalent" in the following geometrical sense.
Let so(2, n − 1) be the Lie algebra of SO(2, n − 1). We define equivalence relation ∼ in so(2, n − 1), i.e., for ξ 1 , ξ 2 ∈ so(2, n − 1), ξ 1 ∼ ξ 2 if and only if there exists the g ∈ SO(2, n − 1)
. Let e tξ be a 1-parameter subgroup of SO(2, n − 1) generated by ξ ∈ so(2, n − 1). By the action of e tξ on AdS n . we obtain curves e tξ p, (p ∈ AdS n ), then we regard ξ ∈ so(2, n−1) as a Killing vector field tangent to the curves. 
According to the notation in ref. [4] , the classes of Killing vector fields is shown in the following Table 1 . 
The norm of the Killing vectors are given in the Table 2 . 
We are interested in the possibility of black hole structure, then we omit the type I c , II b , III 
Method of analysis for causality
In this section we explain the method to clarify the causal structure of base space used in this paper. Let (M ,g) be a Lorentzian manifold, and ξ be a Killing vector field. And let (M =M /ξ,ĝ) be the base space with respect to ξ and we assume that |ξ| 2 has zero points.
In (M,ĝ), the region where the norm of ξ vanishes, i.e., |ξ| 2 = 0, is curvature singularity since the conformal factor in eq. (2) vanishes. Even though we can not take an Einstein frame by eq.(97) in the case of n = 2, the theory can not be defined on the region |ξ| 2 = 0 in eq. (95) since the integration measure vanishes there. Therefore we also regard |ξ| 2 = 0 as a singularity in the n = 2 case.
We consider a region inM where ξ is spacelike so that (M,ĝ) becomes Lorentzian manifold.
We construct conformal diagrams so that we clarify the causal structure of base space. For this aim, we introduce the null polar coordinate of the base space.
We construct the null polar coordinate in the case of AdS n . The global coordinate of AdS n is given by (11). In this coordinate a null geodesic which passes through a point N(τ 0 ) specified (τ, χ) = (τ 0 , 0) and the direction of the geodesic tangent is specified by Ω 0 is given
where λ is a parameter along the null geodesic.
Here we note the horizontal lift used in a context of fiber bundle. Let π :M → M =M /ξ be a Riemannian submersion, and c be a curve passing through a point p ∈ M. For a point Let π : AdS n → AdS n /ξ be a Riemannian submersion with respect to the Killing vector ξ. The horizontal lift of a null geodesic which passes through a point π(N(τ 0 )) in AdS n /ξ is a null geodesic which passed through the point N(τ 0 ) and is orthogonal to ξ. We call it horizontal null geodesic whose direction is Ω 0 . The point on the horizontal null geodesic is labeled by a set of parameters (τ 0 , λ, Ω 0 ).
We consider the region of AdS n /ξ such that any point is connected to the timelike curve π(N(τ )) by a null geodesic. By the projection map π we can regard the set (τ, λ, Ω 0 ) as the coordinate of the corresponding region of AdS n /ξ. By using this coordinate, we specify the position of the singularity in AdS n /ξ. For this purpose we investigate the norm of ξ on horizontal null geodesics c(λ) that pass through N(τ 0 ) of AdS n as
If f (λ) has a zero point at a finite λ 0 , the curve c(λ) intersects with the surface |ξ| 2 = 0 there, namely, the curve π(c(λ 0 )) hits the singularity.
Intersections of null geodesics and singularity
In this subsection we will give the necessary and sufficient condition for a null geodesic intersects with the singularity, |ξ| 2 = 0. The following proposition concerning to geodesics is known for general constant curvature space.
Proposition 4.1. A geodesic passes through a point y 0 of the submanifold
in the pseudo Euclidean space E (p,q) is given by an intersection curve of M and two dimensional plane in E (p,q) that contains the normal vector on the point y 0 . Especially, if M is Lorentzian manifold a null geodesic is a null line in E (p,q) .
In the following discussion we often identify E (2,n−1) and its tangent space T p E (2,n−1) as a vector space E (2,n−1) . We regard AdS n is embedded in E (2,n−1) , then an arbitrary point N of AdS is a point of E (2,n−1) then N is timelike unit vector, |N| 2 = −1. Furthermore, N is regarded as a normal vector of AdS on the point N, a vector which is orthogonal to the vector N is regarded as an element of T N (AdS) naturally. Let X be a null vector which is orthogonal to the vector N then X is a null vector on AdS n . By proposition4.1, a null geodesic which pass through the point N of AdS n and has tangent vector X is given by
Moreover, let ρ be a representation ρ : SO(2, n − 1) → GL(E (2,n−1) ), then a representation matrix of ξ ∈ so(2, n − 1) is ρ * (ξ). We write the same symbol ξ for ρ * (ξ) for brevity. The matrix ξ generates the vector field ξ * as
where P is a point in E (2,n−1) . Since e tξ is a 1-parameter subgroup of the isometry SO(2, n−1),
for an arbitrary vectors Z, W ∈ E (2,n−1) we have
where η is the metric of E (2,n−1) . Differentiating this equation with t and putting t = 0, we
On a point N ∈ AdS n , the orthogonal condition of a tangent vector Z and the Killing vector ξ * is given by
where we regard X, ξN and ξX as vectors of E (2,n−2) .
The next proposition and its corollary are useful in this paper.
Proposition 4.2. Let N be an arbitrary point of AdS n (⊂ E (2,n−1) ). Let ξ * be a Killing vector field and X be a null vector at N in AdS n such that |X| 2 = 0, η(X, ξN) = 0 and is not eigenvector of ξ. For a null geodesic x(λ) which pass through N and has tangent vector X, the followings are equivalent.
(1) x(λ) intersects with hypersurface |ξ * | 2 = 0.
(3) X, ξX, N are not linearly independent.
From eq.(17) we have
and it is assumed
where we have used eq.(20). Therefore
where X ⊥ denotes the orthogonal complement subspace to X, and N ⊥ denotes the same for
And using eq.(22) the norm of ξ * on x(λ) is given as quadratic of λ:
then f (λ) has zeros if and only if
Together with eq.(27) we have
If ξX, ξN are linearly dependent then (30) holds. We suppose that (30) holds for linearly independent vectors ξX, ξN, then the subspace < ξN, ξX > span is degenerate with respect to the induced metric from η. By eqs. (20) and (23) then ξX ∈ X ⊥ ∩ N ⊥ holds. Similarly ξN ∈ X ⊥ ∩N ⊥ holds. Since X, ξN, ξX ∈ X ⊥ ∩N ⊥ and < ξN, ξX > span is degenerate therefore X ∈< ξN, ξX > span . Therefore, in the both cases X, ξX, ξN are not lineary independent. The inverse is easily verified.
Corollary 4.1. If X is not eigenvector of ξ and X, ξX, ξN are not lineary independent, then the null curve x(λ) intersects with the hypersurface |ξ * | 2 = 0 at the point
We define the function φ := |ξ * | 2 on E (2,n−1) then the sign of λ 0 is the same as that of
Proof. Equation (31) is obvious from (28). Let {x µ } be a orthonormal coordinate system of E (2,n−1) . We have
where ∇ is Riemannian connection with respect to η, then we obtain
Since ξX is spacelike, |ξX| 2 > 0, then the sign of λ 0 coincides with that of −dφ(X) N .
Especially in the case of n = 3, i.e., the case of AdS 3 , the following fact holds.
Corollary 4.2. Let N be an arbitrary point of AdS 3 (⊂ E (2,2) ). Let ξ * be a Killing vector field, and X ∈ E (2,2) be a null vector at a point N in AdS 3 . And assume η(X, ξN) = 0 and |ξ * | 2 has zero points. Then a null geodesic which pass through an arbitrary N and have tangent vector X which is not eigen vector of ξ has intersection with singularity |ξ * | 2 = 0.
Proof. Since η is non degenerate metric of E (2,2) , dim(X ⊥ ∩ N ⊥ ) = 2 holds. And we see X, ξX, ξN ∈ X ⊥ ∩ N ⊥ easily, then X, ξX, ξN are linearly dependent. From Proposition.4.2 the statement holds.
We also consider the case that X is an eigenvector of ξ.
Proposition 4.3. Let N be an arbitrary point of AdS n (⊂ E (2,n−1) ). Let ξ * , X ∈ E (2,n−1) be a
Killing vector field and a null vector on N in AdS n respectively. And let X be an eigenvector of ξ satisfying η(X, ξN) = 0. For a null geodesic x(λ) which pass through N and has tangent vector X,
holds.
Proof. We assume ξX = αX, where α is a constant. Then |ξX| 2 = α 2 |X| 2 = 0. Therefore,
From Proposition 4.2 we have
then η(ξN, ξX) = 0 and
Finally we show that the singularity surface in base space is not spacelike. Let π : (M ,g) → (M, g) be a Riemannian submersion with respective to a Killing vector ξ, where g is projective metric by ξ. We assume that the function |ξ| 2 :M → R dose not have a critical point. Then for an arbitrary point p and its neighburhood U the set {x ∈M ; |ξ(x)| 2 = |ξ(p)| 2 } defines a hypersurface in U by implicit function theorem.
Let S ε be the hypersurface |ξ| 2 = ε onM . And we assume that there exists a Killing vector η which commutes with ξ and is linearly independent. Indeed, we can take such a Killing vector η in our case. Since the Killing vector η that commutes with ξ is tangents to S ε , then η ′ := π * η also tangents to π(S ε ). Then the norm of η ′ on π(S ε ) is given by
Now we consider in the region |ξ| 2 ≥ 0 inM . If η is not orthogonal to ξ on S 0 , since lim ε→+0 g(η ′ , η ′ ) = −∞, the Killing vector η ′ is timelike on the singularity surface π(S ε ) in M for a small ε. And if η is orthogonal to ξ on S 0 then η is null or spacelike, however ξ and η are linearly independent therefore η is spacelike on S 0 . Since the subspace which is spaned by ξ and η in tangent space of S 0 degenerate, so we havẽ
It implies lim
In the case ofM = AdS 3 , since there exists a Killing vector η such above, the singularities of base space by ξ are timelike or null curves.
Proposition 4.4. Let ξ be a Killing vector field in AdS 3 . We assume that ξ dose not have a fixed point. Then the singularity curve |ξ| 2 = 0 in norm-wighted orbit space by ξ is timelike or null curve.
Causality of the base space in AdS 3
In this section we investigate the causal structure of base spaces of AdS 3 which are specified by the Killing vectors used for the submersion. We concentrate on the Killing vectors in the types Let {t, s, x, y} and η be a orthonormal coordinate system and the metric of E (2,2) , respectively. We use the global coordinate (9) for AdS 3 in the form
Our purpose is the analysis of a null geodesic passing through each point N(τ ) on the curve r = 0,
A future directed tangent vector of the null geodesic at N is given by
where θ 0 is a parameter that specify the direction of X.
First, we show that the type I b , II a is black hole, and secondly, the type I a , III + have naked singularity and null singularity.
TypeI
The representation matrix of ξ is
then we have
If a = 1, we have |ξ| 2 = 2φ = 1 then there exists no singularity. If 0 < a < 1, we have
Since dφ(X) N is independent on the direction parameter θ 0 , eq.(51) holds for the null vector X which is orthogonal to ξ * . As shown in the corollary 4.1, the sign of λ 0 is the same that of In the region of τ such that −dφ(N) > 0, the null geodesics intersect with the singularity in the future and are extendible to the past infinity, while in the region of τ such that −dφ(N) < 0, that intersect with the singularity in the past and are extendible to the future infinity.
In the case of τ = nπ/2, that is dφ(X) = η(ξX, ξN) = 0, we need to clarify the behavior of endpoints of the null geodesics, which depend on the norm of ξ * at the point N. If |ξN| 2 = 0, then null geodesics dose not intersect with the singularity since f (λ) = |ξX| 2 λ 2 + |ξN| 2 ≥ |ξN| 2 = f (0) > 0. Therefore the null geodesics are extendible to the future and past infinity.
If |ξN| 2 = 0, the null geodesics intersect with the singularity at N i.e. λ 0 = 0.
In the case of type I b we have
then we should consider the two cases a = 0, |ξN| can be 0, and a = 0, |ξN| never vanishes, separately.
In the a = 0 case, we have |ξN| 2 = sin 2 τ . For τ = (2n+1)π/2 n ∈ Z, we have f (0) = 1 = 0 then the null geodesics are extendible to the both future and past infinity. On the other hand, for τ = nπ n ∈ Z, f (0) = 0 holds, then the spacetime is bounded in the domain 0 < τ < π.
In 0 < τ < π/2 null geodesics pass through N intersect with the singularity in the past and are extendible to the future null infinity.
In π/2 < τ < π null geodesics passing through N intersect with the singularity in the future and are extendible to the past null infinity. Null infinity of AdS 3 /ξ is timelike as that of AdS 3 , hence the causal structure of this case is shown by the conformal diagram 3. In the a = 0 case, f (0) = a 2 holds for τ = nπ, n ∈ Z, and f (0) = 1 holds for τ = (n + 
TypeII
The representation matrix is
And we obtain
and
Since we consider the case that ξ is spacelike, then we consider the region
If 0 < a < 2, we take
as such a domain and if a > 2 all τ are allowed.
Orthogonal condition of ξ * N (= ξN) and X is given by
We draw −dφ(X ± )| N numerically for θ 0 = θ Then we obtain the conformal diagrams as shown in the following Figures 10,11 ,12,13,14. null singularities. The a = 1 case is also the limit of the 1 < a < 2 case such that the null infinity of right hand side shrinks to a point.
TypeI
hence
We suppose φ(
The orthogonal condition of ξN and X is
Since eq(67) and eq(66) we have
The signs of λ 
So we obtain
And since
therefore we may consider in 0 < τ < π.
The orthogonal condition of ξ * N (= ξN) and X is
) holds and graph is follows. And since
In the case of τ = 0, the null geodesic directed θ + 0 is always on the singularity because We obtain the following conformal diagram 17. Let {t, s, x, y, z, w} be a coordinate system of six-dimensional pseudo Euclidean space E (2, 4) . We set a coordinate system of AdS 5 as
w = r cos ρ cos θ sin φ.
Let
then a null vector on N is given by
where θ 0 , φ 0 , ρ 0 are direction parameters.
The representation matrix of ξ is 
We have
and the orthogonal condition is given by η(ξN, X) = a sin τ cos ρ 0 sin θ 0 + b cos τ sin ρ 0 = 0.
We want to search for null geodesics which intersect with the singularity, so we will find X such that H(ξX, ξN) = 0 from proposition4.2.
After some calculation we obtain
where
The remarkable difference that H vanishes identically in AdS 3 while in AdS 5 H depends on τ and direction parameters. Hence we will find zero point of H to find a intersection with the singularity. 
holds. Therefore there exists no τ 0 such that g(τ 0 ) = 0. So it implies that H = 0 if and only
The norm of ξ is given by
The change of the sign of λ 0 as increasing τ for θ 0 = π/2 is shown in the figure 2.
In the case of τ = In the Figure18, the wavy lines (red) are singularity and the dotted lines (blue and green)
are outer horizon and inner horizon respectively if we restrict the spacetime θ 0 = π/2. For all null geodesics directed θ 0 = π/2, we have H = 0, that is, the geodesics are extendible to the both of the future and the past null infinity. And since in this case null infinity is timelike and connected, then there exists no event horizon in the whole spacetime. Therefore it is not a black hole. However, if we restrict the spacetime to the section of θ 0 = π/2 then the two-dimensional submanifold has black hole structure. This spacetime represents that two-dimensional black hole is embedded in the four-dimensional spacetime.
Conclusion and discussion
The geometrical structure and the causal structur of the basespaces of Riemannian submersion of AdS have a rich variety even if AdS has simple structure. We have shown explicitely that the causal structure of all base space of Riemannian submersion by one-dimensional isometry group of AdS 3 by using the fact that AdS is embedded in a flat space.
The bases paces which have black hole structure in AdS 3 are induced by two types of Killing vectors: type I b , ξ = K tx + aK sy , and type
In the case of type I b , we obtain static black hole for a = 0, while we obtain Reissner-Nordström like black hole for a = 0. In the case of type II a , if a < 1 no black hole structure appears, and if 1 ≤ a there exist four kind of black holes. There are a variety of causal structures that express the black holes.
In the case of AdS 5 we have observed one type of static black hole. However, there exists an interesting four-dimensional spacetime which has two-dimensional black hole as a submanifold.
Furthermore, the static black hole appears in general higher dimension as shown in Appendix B.
Finally, we found that if the base space has an event horizon or an inner horizon then |ξ| 2 is constant on the horizon, where ξ is a Killing vector field used in submersion. It means that the null vector that generates the horizon is an eigen vector of ξ on the horizon. Furthermore, the horizon is the Killing horizon because there exists a Killing vector which commutes with ξ * tangents to the horizon (see Appendix C).
We could clarify the causal structure of the base space in the case of dimension of isometry group is one by using the algebraic method. It is interesting that we generalize the case of over two-dimensional isometry group. We will report this issue in the future.
B Causality of base space in AdS n
We show that the specific base space of AdS n has black hole structure.
Let {t, s, x 1 , x 2 , · · · , x n−1 } be a coordinate system of 6 dimensional pseudo Euclidean space E (2,n−1) and its metric is given by η = −dt 2 − ds 2 + (dx 1 ) 2 + · · · + (dx n−1 ) 2 and AdS n is defined by −t 2 − s 2 + (x 1 ) 2 + · · · + (x n−1 ) 2 = −1. We consider the base space by the Killing vector ξ = K tx 1 .
Let N := t (sin τ, cos τ, 0, · · · , 0)
then a null vector on N is given by X = cos τ ∂ t − sin τ ∂ s + Ω n−1
where Ω n−1 = Ω i ∂ x i is a unit vector.
And the represent matrix of ξ is given by 
In the case of τ = π 2
, f (λ) = 1 so λ 0 is not defined.
Therefore the causal structure of this spacetime is isotropic then the conformal diagram for arbitrary direction is follows. 
C Horizon of base space
We suppose the horizon given by π(x(λ)) where x(λ) = N + Xλ is a horizontal null geodesic for a suitable point N and null vector X and π is the Riemannian submersion by ξ. And let ξ * is a Killing vector used by Riemmanian submersion. In our study it is observed that the null vector X is an eigen vector of ξ. Then |ξX| 2 = η(ξX, ξX) = 0 holds and by Proposition 4.3 the norm of ξ * is constant on the null geodesic x(λ). Moreover the horizon is Killing horizon as follows. There exists a Killing vector field ζ * commute with ξ * and π * ζ * along a curve |ξ| 2 = const. Therefore π * ζ * tangents to the horizon π(x(λ)), that is, the horizon is a Killing horizon.
